Chapter 7 

Electrodynamics 


Problem 7,1 

{a) Let Q be the charge on the inner shell. Then E = in the space between them, and (V a - V b ) = 



* da 


'! 


a / E ■ da = 


a Q _ g 47reo(y a -H) 
Co «o (1/a - 1/6) 


(K - 

(1/a - 1/6) 


(b )R = 


V a - V b 


-i -fl-l) 

4ttct \a 6/ 


(c) For large b {b > a), the second term is negligible, and R = l/4rt(ra. Essentially all of the resistance is in 
the region right around the inner sphere. Successive shells, as you go out, contribute less and less, because the 
cross-sectional area (4tit 2 ) gets larger and larger* For the two submerged spheres, R = (one R as 


the current leaves the first, one R as it converges on the second). Therefore I — V/R — 27raaV. 


Problem 7,2 

(a) V — QjC — IR. Because positive I means the charge on the capacitor is decreasing , 


^ = -/ = “^<3, so 0(0 = Q 0 e-‘ /flC . But Q 0 = Q{ 0) = CV 0 , so [t?(t) = C%e“* /iic . 
Hence 1(1) = -f = = 


Ylp-t/RC 

R 


— — 1 roo poo t / 2 roo 

(b) W = \cV£. I The energy delivered to the resistor is / Pdt~ l I 2 Rdt—~ / e~ n ^ RC dt = 

I 1 J J R J 

yi _rc 

R\ 2 


-2 t/RC 


\r_ i 


J\ 


- ^CV*. 


(c) Vo = QjC 4- IR. This time positive / means Q is increasing: = / = ~^(CV 0 - Q) => - — 

di iiC Q — CVq 

- — d( => ln(Q - CVo) = ~~t + constant => Q(t) = CV 0 + ke~ t/RC . But Q(G) = 0 => k = -CV 0 , so 


Q(i) = C7Vb ( l-e~ ( /* c ) 


m = f = cv„ 



-f/*C 

Uc J 

R 
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f 00 17® r°° T/ 2 / V loo 1/2 

(d) Energy from battery: j V 0 Idt=-^ J e~H RC dt = - {-RGe- t/ac ) | q = ~RC = 


cvl 


Since I(t) is the same as in (a), the energy delivered to the resistor is again \CVq . The final energy in 


the capacitor is also 
to the resistor. 




so 


half the energy from the battery goes to the capacitor, and the other half 


Problem 7*3 


(a) / = /J * da, where the integral is taken over a surface enclosing the positively charged conductor. But 
J = crE, and Gauss's law says /E - da = so I — a /E * da = ^Q. But Q — CV, and V — IR y so 


/ = *-CIR t or 


r ~7c- 


qed 


(b) Q-CV = CIR =>$ = -1 = -jfeQ => Q(t ) - Q 0 e~ t/RC , or, since V = Q/C, V{t) = V 0 e _t/jRC The 
time constant is r = RC = 


eo/^- 


Problem 7.4 

I = J(s) 2i vsL 


-jf 


E«dl = 


J(s) = I/2 ttsL. E = J/c r = I/2ivsaL = I/2nkL . 
/ 


2?rA:L 


(a “6). So 


R = 


b — a 
27rfcL 


Problem 7.5 

7= * 


r + R' 


P=I 2 R = 


£ 2 R 


dR =e* 


2R 


(r + 7f) 2 ’ dR [(r + 7f) 2 (r + 7i) 3 


— 0 => r 4- R = 2it => = r. 


Problem 7*6 

£ = <f E * dl — [zero ] for all electrostatic fields. It looks as though £ = * dl = (cr/eo)/i, as would indeed 

be the case if the field were really just <x/eo inside and zero outside. But in fact there is always a “fringing 
field” at the edges (Fig, 4.31), and this is evidently just right to kill off the contribution from the left end of 
the loop. The current is | zero. | 


Problem 7.7 


(a) £ = -§ = ~Blf t = -Blv, £ = IR => 


I = 


Dl i> 
R ' 


{Never mind the minus sign — it just tells you the 


direction of flow: (v X B) is upward, in the bar, so downward through the resistor.) 
R2 j2 I ^ 

C b)F = HB= — , to the left. 


R 


dv BH 2 

(c) r ~ ma = m— — - — — v 
oft il 


dv ,B 2 l 2 . 
dt “ ^ Rm ^ 


U — UqC ^ 


(d) The energy goes into heat in the resistor. The power delivered to resistor is I 2 R, so 


dW 


= PR = 


BH 2 v 2 


R — 


B 2 l 2 


BH 


■ 2/2 


dW 


dt ' R 2 “ 7? 0 

The total energy delivered to the resistor is TV = amv^ j 

Jo 


v$e 2at , where a = — — ; — — = amv^e 2at . 

m R at 


oo 

,2 / ~2 at 


e = amul 


-2 at 


—2a 


,2 1 1 


= arnvZ^ = / 
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Problem 7.8 


S + ft i "‘ Jr “ 

(a) The field of long wire is B = so = f B * da = f -(ads) — In f — - ^ 

2tts J J s 2tt \ 5 / 


(b)f = 


ptola d 


dt 


2tt dt 


In 


/ s + q \ 


. ds Uo/a 

and ~ = v, so “ — 
dt 2tt 


/ 1 ds ^ ds\ _ 

\s + a dt s dt J 


fi-ol a 2 v 
2tts(s + a) 


The field points out of the page, so the force on a charge in the nearby side of t he square is to the right In 


the far side it’s also to the right, but here the field is weaker, so the current flows counterclockwise. 


(c) This time the flux is constant , so £ = 0. 


Problem 7.9 

Since V*B — 0, Theorem 2(c) (Sect. 1.6.2) guarantees that /B * da is the same for all surfaces with a given 
boundary line. _________ 

Problem 7*10 

$ = B * a — Bd 2 cos 0 
Here 0 — so 

d4> 
dt 


£ - = —Ba 2 (— sinu;t)a;; 


£ — Buja 2 sin cjt. 



(view from above) 


Problem 7.11 

£ — Blv — IR l = upward magnetic force = I IB — This opposes the gravitational force 

downward: 


B 2 t 2 dv dv B 2 l 2 g 

mg — — v = m— ; — = g — av , where a = — ■ g — avt — u => vt = — = 


R 


dt dt 


mR 


mgR 
B 2 l 2 ' 


— ^ — — dt => — — ln(^ - aq) — t + const. =$> g - av = Ae at t = 0, v — 0, so A = g. 
g — av a 


av = g{ 1 - e- at ); v = - e~ at ) = v t (l - e~ at ). 

a 


At 90% of terminal velocity, vfvt = 0.9 = 1 - e at e at = 1 — 0.9 = 0.1; ln(0.1) = -at; In 10 = at; 
t - ’ In 10, or 


v t 


£90% “ — In 10. 
9 


Now the numbers: m = 4t?A(, where t) is the mass density of aluminum, A is the cross-sectional area, and 
i is the length of a side. R — AljAo , where a is the conductivity of aluminum. So 


AgAlgAl 16 rjg 16 grip 

v ‘ = MBV = 7m = “85“’ “ ,d < 


p “ 2.8 x IQ -8 O m 
# — 9,8 m/s 2 
?] = 2,7 x 10 3 kg/m 3 
B = IT 


. 


So = (i6)[9.8)(2.7xio»)(2.axio-») = | 12 cm/s; Wo - ln(10) - [^8^ 


If the loop were cut, it would fall freely, with acceleration g. 
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Problem 7.12 

/ a \ 2 ita 2 __ , 

= tt B = — B 0 cos(u;t); £ 


Problem 7,13 


dt 


7T a 


4 


Bousin(ut), 


m = 


£ 

R 


7T a 2 u; 
4 R 


Bo 


sin(w£). 


# = 





| kta 5 . 


Problem 7,14 


pipe 


falling 

magnet 


ring 



Suppose the current (/) in the magnet flows counterclockwise (viewed from 
above) } as shown, so its field, near the ends, points upward L A ring of 
pipe below the magnet experiences an increasing upward flux, as the magnet 
approaches, and hence (by Lenz’s law) a current (/ind) will be induced in it 
such as to produce a downward flux* Thus I in d must fkrw clockwise , which is 
opposite to the current in the magnet* Since opposite currents repel, the force 
on the magnet is upward. Meanwhile, a ring above the magnet experiences 
a decreasing (upward) flux, so its induced current is parallel to /, and it 
attracts the magnet upward* And the flux through rings next to the magnet 
is constant, so no current is induced in them* Conclusion; the delay is due 
to forces exerted on the magnet by induced eddy currents in the pipe. 


Problem 7,15 

In the quasistatic approximation, B = 


{ 


Ho Til z, 

0, 


(s < ci); 
(s > a). 


Inside: for an “amperian loop” of radius s < a. 


$ = Bns 2 


Honlns 




d$> 

E ■ dl = E 2tts = - — 

(ttr 


odl 

-Ho nns — ; 


E = - 


Hons dl 2 


Outside: for an “amperian loop” of radius s > a: 


$ — Bttg 2 = po nlira 2 ; 


„ ,dl 

E2tts — —ponna — ; 

dt 


E = - 


Pq na 2 dl * 
2 s dt 


Problem 7,16 


(a) The magnetic field (in the quasistatic approximation) is “circumferential 11 , This is analogous to the current 


in a solenoid, and hence the field is longitudinal. 


(b) Use the “amperian loop” shown. 

Outside, B = 0, so here E — 0 (like B outside a solenoid). 
So $v-<n = Ei = -<§ = ~f t fB.d a = -£s: golds' 

£ = -£&ln(?). But% -~^sin^, 


SO 


E - 


PqIqU 

2tt 


sin(ud) In J 




Jjl 


=3 
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Problem 7.17 

(a) The field inside the solenoid is B = /io nL So $ = 7ra 2 fionI => £ — — 7 ra 2 /ion{d/ jdt). 
In magnitude, then, £ — na 2 plonk. Now £ = I r R , so 


na 2 iiQnk 


* resistor — 


R 


B is to the right and increasing, so the field of the loop is to the left, so the current is counterclockwise, or 


to the right, through the resistor. 


(b) A3> = 2na 2 fiQuI] 1 — ™ = — 7 : -jp => A Q — ™A#, in magnitude. So 

at R R at R 


A Q = 


2ira 2 fiQnl 


Problem 7,18 


■■/* 




f 2a * _ 

Ja « 


ds fiola In 2 dQ 

- -—, £ = hoopR= - R = 


d£ 

dt 


/ioa In 2 dl 
2 it dt 


^ Hoa In 2 

dQ =--*nr dI =*■ 


Q = 


J/xoaln2 
27riE ' 


The field of the wire, at the square loop, is out of the page , and decreasing , so the field of the ind uced 
current must point out of page, within the loop, and hence the induced current flows counterclockwise. 


Problem 7*19 

( 

In the quasistatic approximation, B = j 
(Eq* 5*58). The flux around the toroid is therefore 

tioNI 


A - J 0 , (inside toroid); 
(outside toroid) 


pa+w i 

$ = OfAA / -hds = 
Ja 3 


lioNIh 
2 7T /. s 2 tt 


In 


(-!) 


d# _ /ioAT/uu d/ _ jj,QNhwk 
2na dt 2 ttu dt 2 ira 


The electric field is the same as the magnetic field of a circular current (Eq. 5.38): 


B = 


PqI 


2 (a 2 +z*)W ' 


with (Eq. 7.18) 


_ 1 d$ Nhwk 

I -> - — — — - - , 

Pq dt 2na 


/ Whuiife'* 

1 

/io 

\ 2?m / 

1 (a 2 + z*)W 

4?r (a*+z 2 )z/ 2 Z 


Problem 7,20 

(a) Prom Eq. 5.38, the field (on the axis) is B — z, so the flux through the little loop (area 7 ra 2 ) 


4 = 


fiQ7rIa 2 b 2 

2 (5 2 + z 2 ) 3 / 2 ' 


(b) The field (Eq, 5*86) is B — f^pr(2cos# r + sin# 0), where m — Ina 2 * Integrating over the spherical “cap” 
(bounded by the big loop and centered at the little loop): 




■/ 


B * da = 


Mo 


JVa 2 


4w r 3 


J (2 cos 0) (r 2 sin 0 d# d$) = 2 tt J cos 0 sin 5 d$ 
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Ha lira 2 sin 2 0 

e 

fdoTrla 2 ^ 

T 2 

0 

2(b 2 + 2 2 ) 3 / 2 ’ 


the same as in (a)!! 


(c) Dividing off / ($1 — $2 — M21 Ji): 


-Ml2 — M21 — 


fiQiva 2 b 2 
2(6 2 + Z 2)3/2‘ 


Problem 7.21 

S = = -Mfc. 

d£ * 



X 



) a 

( 

X 


It’s hard to calculate M using a current in the little loop, so, exploiting the equality of the mutual inductances, 
I’ll find the flux through the little loop when a current I flows in the big loop: = ML The field of one long 
wire is B = 4>i — ^ f* a ^ads = In 2, so the total flux is 


* = 2$i = 


/XG/nln 2 


M = 


tiQd In 2 


7T 


£ = 


fiokaln 2 


in magnitude. 


Direction : The net flux (through the big loop), due to / in the little loop, is into the page , (Why? Field 
lines point in, for the inside of the little loop, and out everywhere outside the little loop. The big loop encloses 
all of the former, and only part of the latter, so net flux is inward.) This flux is increasing , so the induced 


current in the big loop is such that its field points out of the page: it flows counterclockwise. 


Problem 7,22 

B — fjLonl => = fionlirR 2 (flux through a single turn). In a length l there are nl such turns, so the 

total flux is $ = IL The self- inductance is given by — LJ, so the self-inductance per unit length is 


£ = jionitR 2 . 




Problem 7,23 

The field of one wire is B x = jj**, so $ = 2 • ^ ■ t'f ' In (4=*). The e in the numerator i 

i 

negligible (compared to d), but in the denominator we cannot let e -+ 0, else the flux is infinite, 

, Evidently the size of the wire itself is critical in determining L, 


is 


L = — ln(d/e) 
n 


Problem 7,24 

(a) In the quasistatic approximation B — 0. So 

Z 7 T 5 Z 7 T 

This is the flux through one turn; the total flux is N times $i: $ = ln(5/a) J Q cos(ad), So 


n 


hds = 


ytplh 

2 7T 


ln(&/o). 


£ dt 


d<F fioNh 


2 TT 


ln(b/a)lQOJSin(uJt) — 


(4tt x 10 _7 )(10 3 )(10“ 2 ) 


2 tt 


2tt 

ln(2)(0.5)(27r 60) sin(urt) 


2,61 x 10 4 sm(ujt) 


5.22 x 10 7 sin(u;£} 


M , . £ 2,61 x 10~ 4 . , . 

(m volts), where u — 2tt 6Q = 377/s. I r — — = — * — sm(u;i) 

ii 5UU 

(amperes). 


(b) £ b = where (Eq. 7.27) L = ln(t>/o) = < 4arx10 2 ) }n ( 2 ) = 1.39 x 10“ 3 (henries). 


Therefore £ b = -(1.39 x 10“ 3 ) (5.22 x 10“ 7 uj) cos{wt) = -2.74 x 10“ 7 cos(wi) (volts). 
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2 74 x 10 -7 i 

Ratio of amplitudes: — -r = 1.05 x 10" 3 

2.61 x 10~ 4 1 - 




Problem 7.25 

With / positive clockwise, £ = 


^ = Q/C , where Q is the charge on the capacitor; I ~ so 

= --^Q = -<*> I 2 Q, where w — ^=. The general solution is Q(t) = Acoswt + Bsinwi. At t = 0, 
Q = CV, so A = CV; I(t ) = ^ — -Awsinwt + Businvt. At t = 0, I = 0, so B = 0, and 

J(t) = -CVwsinwt — 


- v \fi sir ‘ (vra) ■ 


If you put in a resistor, the oscillation is “damped”. This time — = 0 H- IR, so 
For an analysis of this case, see Purcell’s Electricity and Magnetism (Ch* 8) or any book on oscillations and 
waves. 

Problem 7*26 

{a,)W = ILI 2 . L = fi 0 n 2 irR 2 l (Prob. 7.22) W = ^ 0 n 2 7rft 2 U 2 


(b) W = |/(A * I)d/. A = (jjL 0 nI/2)Rifi y at the surface (Eq. 5.70 or 5.71). So W x - ■ 2nR, for one 

turn. There are nl such turns in length l, so W = -/i 0 n 2 7r/£ 2 i/ 2 . / 

(c) W — ^fB 2 dr. B = ftonly inside, and zero outside; /dr — Tr/i 2 /, so W — ~filn 2 I 2 nR 2 t = 

(d) W = ^ [/B 2 dr — /(A x B) - da] . This time JB 2 dr — Mo n 2 I 2 n(R 2 — a 2 )L Meanwhile, 

A x B — 0 outside (at s = b )♦ Inside, A = (at $ — a), while B — fj, 0 nl z. 

A x B - |/^n 2 / 2 a(0 X z) iS 

X points mt^ard {“out" of the volume) / 

s / 

/(A x B) * da = /(^oTC 2 / 3 as) * [ad0dz(-s)] = —^^n 2 I 2 a 2 2nL ji *■ z 

IF = ~ [MQrc 2 / 2 7r(B 2 - a 2 )l + Mo^ 2 / 2 ™ 2 /] = £/iorc 2 / 2 i2 3 7rl, / ^0 


Problem 7*27 
Mon/ 


B = 


27TS 




Mpn 2 / 2 

8tt 2 


h27rln 


0- 


~Mon 2 / 2 hln(5/a). 

4tt 


I = ^n 2 hln (5/a) 

2tt 


(same as Eq. 7.27)* 


Problem 7.28 


B * dl — B(2 tts) — Mo/enc — Mo/(^ 2 /B 2 ) ^ B - 


Mo/^ 

2ttR 2 ' 


f 

w= ^I B 2 dr= ^ 0 kl ^ id ‘ =£&&£= 

So L = and C = Ljl = | independent of ft! 


/W T i _ 1 r .2 

16jt ' 2 L/ ' 


/(t) = 


_ £ 2 e -ttt/L 


ft 


Problem 7.29 

(a) Initial current: Io = £o/ft. So = IR=> = -y-I => J = ioe - ' fl<y,£ ', or 

di dt 1/ 

(b) ft = / 2 ft = (f 0 /ft) 2 e" 2flt/L ft = 

R at 

!°° T 2 
IF 


■ § f * = § (- r R '-™") [ = § <° + = 


^L(f 0 /ft) 2 
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(c) Wq = |LZ 2 = i (£ 0 /fl) 2 ■ / _____ 

Problem 7.30 

(a) Bi = — a l ] J since m* = h^i* The flux through loop 2 is then 

$ 2 = Bi - a 2 = .i)(a 2 .i)-a 1 .a 2 ] = M/ 1 . 

47T 

(b) £i = — M f ! /i — MIi {This is the work done per unit time apamsi the mutual emf in 

loop 1— hence the minus sign.) So (since / 1 is constant) W\ “ M/i^, where 1 2 is the final current in loop 2; 

VP = r[3(nii -i)(m 2 *i) - mi - m 2 ]. 

4tp& j 

Notice that this is opposite in sign to Eq. 6.35. In Prob. 6.21 we assumed that the magnitudes of the dipole 
moments were fixed, and we did not worry about the energy necessary to sustain the currents themselves — only 
the energy required to move them into position and rotate them into their final orientations. But in this 
problem we are including it all T and it is a curious fact that this merely changes the sign of the answer. For 
commentary on this subtle issue see R. H. Young, Am. J. Phys . 66, 1043 (1998) ^ and the references cited 
there. 

Problem 7.31 

The displacement current density (Sect. 7.3,2) is = faff = ^ Drawing an “amperian loop” at 

radius s , 


M = [3( a i ■ i)(a 2 • i) - a, • a 2 ]. 


/ 


B * dl - 8 ♦ 2?rs = fields 



Pols 2 
2 7 rsa 2 7 


B = 


Pols 

2ira 2 


4>. 


Problem 7,32 

(a)E = ^S; „(t) = 0(0 


Co 


Tra^ 


dE 


( b ) h. nc = Jdirs 2 = = 


Ii 

It . 

na 2 ' 

TTCq^ 

/ — . 
a 2 

/ B “ 


B dl = ii 0 Id rRC => B 2ns = n 0 1 -5 => B = 


Mo/ 

2lTa 2 


S 0 . 


(c) A surface current flows radially outward over the left plate; let I(s) be the total current crossing a circle 
of radius s. The charge density (at time t) is 


.(0 = M*. 

7 TS 2 

Since we are told this is independent of s , it must be that I — I(s) — 0s 2 , for some constant 0. But /(n) — Q f 
so 0a 2 = I, or 0 = I /a 2 . Therefore I(s) = 7(1 — s 2 /a 2 }. 


B 2t ts = pohne = Po[I - !{$)] 



B = 


Po 

2wa 2 


s<f>. 


/ 


Problem 7.33 

(a) J d ~ ■■ cos(u/t)ln (a/s) z. But Iq cos (u4) = /. So 


(b) i A = J i 


2tt 
Jw ■ da = 


jUqCqLiJ 2 / 

2tt 


= /x 0 e 0 w 2 / [(lao)4 - 4ln« + T]|* = MoC 0 w 2 / [j/(na - ^a + £] = 


J d = ^w 2 /ln(a/s)z. 

27T 


/ (s In a — s In s)ds 

JO 


- + x] = 

/iQ 

1 2 la 2 

4 
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(c) 


l d __ fi 0 € ou? 2 a 2 

7 ” 4 


Since = 1/c 2 , /<f// = (u;a/2c) 2 . If a = 10 3 rn, and J -f = yTj, so that ™ 


_L 

10 1 


w = 


2c 

10a 


3 x10 s m/s 

ITxlfF^m i 


or co — 0.6 x 10 n /s 


6 x 10 10 /s; 


microwave region, may above radio frequencies.) 


v — & IQ 10 Hz, or 10 4 megahertz. (This is the 


Problem 7.34 

Physically j this is the field of a point charge —q at the origin, out to an expanding spherical shell of radius 
vi\ outside this shell the field is zero. Evidently the shell carries the opposite charge, Mathematically , 

using product rule #5 and Eq. 1.99: 


VE — 9{vt — r) V 


f l _± f \ _ 

\ 47re 0 r 2 ) 


- 1 — %r f ■ V[0(vt — r)l — — ~-S s (r)&(vt — r) — 
47re 0 r 2 e 0 




But 5 3 (r)#(u£ — r) = d 3 (r)0(t), and - r) = — 6(vt - r) (Prob. 1.45), so 


P 


cqV 1 E — 




Q 

4 7TT 2 


6(vt — r). 


(For t < 0 the field and the charge density are zero everywhere.) 

Clearly V ■ B — 0, and V x E — 0 (since E has only an r component, and it is independent of $ and 0). 
There remains only the Ampere/Maxwell law, V xB = 0 = /xqJ + fXotodE/dt. Evidently 


T _ dE _ . 

e ° dt £ ° 1 47rcor 2 dt 




4^1-2 


v6(vt — t) f . 


(The stationary charge at the origin does not contribute to J, of course; for the expanding shell we have J = pv, 
as exp ected— ™Eq , 5.26.) 


Problem 7.35 

From V-B — pop m it follows that the field of a point monopole is B — The force law has the 

form F oc q m (B — 4^v x E) (see Prob. 5.21 — the c 2 is needed on dimensional grounds). The proportionality 


constant must be 1 to reproduce “Coulomb’s law” for point charges at rest. So 


F - q m 




Problem 7.36 

Integrate the “generalized Faraday law” (Eq. 7.43iii), VxE - — poJ m — ™, over the surface of the loop: 


J (V x E) ■ da = j> E ■ dl = £ — -po J J m ■ da — ^ J B ■ da = -pol^ 


dt 


„ dl dl liq t 1 liq A „ 1 A _ . _ . . 

But , so -p = — j m + — — , or I — Q m + where Aq? m is the total magnetic charge 

dt dt E L/ dt Lj L 

passing through the surface, and A4> is the change in flux through the surface. If we use the fiat surface, then 
A Q m ~ q m and A<£ = 0 (when the monopole is far away, — 0; the flux builds up to poq m /2 just before 
it passes through the loop; then it abruptly drops to — /i 0 g m /2, and rises back up to zero as the monopole 
disappears into the distance) . If we use a huge balloon-shaped surface, so that q m remains inside it on the far 
side, then AQ m = 0, but <J> rises monotonically from 0 to po q m . In either case, 


j _ Po Qm 


1 
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Problem 7.37 

„ V _ „ 1 „ V T 8D d , m d 

E -J^ Jc - <jE - p E -pd' Jd ~ at ~ dt {eE) “ e at 

The ratio of the amplitudes is therefore: 


VqCOs(2tti4) 




J c Vo d 


1 


= [2ir(4 x 10 s ) (81) (8.85 x 10“ 12 )(0.23)] 1 = |2.41. 


Jd pd 2 tti/ eVo 2i Tvep 


Problem 7.38 

The potential and field in this configuration are identical to those in the upper half of Ex. 3.8. Therefore: 

I = J J * da = u ^ E * da 

where the integral is over the hemispherical surface just outside the sphere 

But I can with impunity close this surface: 

(because E — 0 down there 
anyway— inside a conductor). 

So / — a /E-da — “£? e nc = /<r c da , where a e is the electric charge density on the surface of the hemisphere— 

to wit (Eq. 3.77) = 3eciEoCOS0. 

a f f n ^ 2 

I — / cos 0 a 2 sin 6 d6d# = ZaEoa 2 2'K / sin 0 cos $ d$ — ZaB^c?. 

£o J Jo 






, 2 „ 3t/2 

sin 2 9 _ 1 

2 Q 2 



But in this case Eq = Vo/d, so 

SuTrVoa 2 

d 





Problem 7,39 

Begin with a different problem: two parallel 
wires carrying charges +A and —A as shown. 

Z- 

^b_ 

/b 

Field of one wire: E — potential: V = - 

_ . . . . „ , \ i 

"5 infs/a). 

X 

<A 



Potential of combination: V = j^ln(s^Js^)^ 
or V(y,z) = ^»n { {£$£« }• 

Find the locus of points of fixed V (i.e. equipotential surfaces): 


e 4irt ° v/x = fi = [y . t ^ + z => M (y 2 - 2yb + b 2 + z 2 ) = y 2 + 2yb + b 2 + z 2 \ 

(: y - by + z 2 

y 2 (fj, - 1) + b 2 {fi - 1) + z 2 (p - 1) - 2 yb{p + 1) = 0 => y 2 + z 2 + b 2 - 2yb0 = 0 (/3 = j ) ; 

(y - bp) 2 +z 2 + b 2 - b 2 0 2 = 0 =► (if - bp 2 ) + z 2 = b 2 (p 2 - 1). 
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This is a circle , with center at yo — bfl — ^({7^7) and radius — b\/0 2 - 1 = (m 2 2 ^ +1 I = 

This suggests an image solution to the problem at hand. We want t/o — d 7 radius — a, and V ~ Vq. These 
determine the parameters 5, /i, and A of the image solution: 


i = = = t±l. Call - = a. 

a radius Zb v^ 2^/1 Z a 




4a 2 /i = (^i + l) 2 = fi 2 + 2fi + 1 =+> t? + (2 - Aa 2 )n +1=0; 


. = 4a 2 ± = 2a 2 - 1 ± yfi - 4a 2 + 4 q 4 - 1 = 2a 2 - 1 ± 2a v / a 2 - 1; 


47re 0 V r 0 


= ln^i 


A = 


47re 0 V'o 


In (2a 2 - 1 ± 2ai/a 2 - 1) 

I ~ [ J * d& — a / E ■ tfa = a— <3 enc — — XL 
J J €q 

Air (j Vq 


. That's the line charge in the image problem. 


mi ■ i i * * f (J \ 

The current per unit length is t — T = — — — : , - 

It 0 In (2a 2 - 1 ± 2a\fc? - l) 

the cylinders are far apart, d 3> a, so that a»l. 


Which sign do we want? Suppose 


( ) = 2a 2 - 1 ± 2aVl ~ 1/a 2 = 2a 2 - 1 ± 2a 2 

= 2a 2 (l±l)-(l±l) + ^±-..= | 4( 


1 - 


1 


1 


2 a 2 8a 4 

4a 2 —2 — 1/2 a 2 -4 ~ 4a 2 (+ sign), 

l/4a 2 (— sign). 


The current must surely decrease with increasing a, so evidently the + sign is correct: 


i — 


A-kgVq , d 

— - . . where a — -. 

In (2a 2 — 1 + 2 gVq 2 “ l) a 


Problem 7.40 

(a) The resistance of one disk (Ex. 7.1) is dR—^j — ^ dz , where r — (^) z + a is the radius of the 
disk. The total resistance is 



(b) In Ex. 7.1 the current was parallel to the axis; here it certainly is not. (Nor is it radial with respect to 
the apex of the cone, since the ends are flat This is not an easy configuration to solve exactly.) 

(c) This time the flow is radial, and we can add the resistances of nested spherical shells: dR — ™ dr , where 

r& 

A~ j r 2 sin# dOd<p — 27rr 2 (- cos#)| 0 = 27rr 2 (l - cos0). 

Jo 

L 
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R = 


2tt(1 — cosO) 
p(b — a) sin 0 
2nab (1 — cos0) 


1‘ 2,(1 - co,*) (t?) ' N ° W i = 7„ = 

b — a 


. But sin# — 


y/L* + {b -a) 2 


and cos# — 


VL*'+{fr-a) 2 ' 


p(b — a) 2 1 

2nab 

^L 2 + (£>-n) 2 -L 



[Note that if 6 — a <£ L, then \/L 2 + (f> — a) 2 =J L 

S'* 11 " <aH 


1 + 


1 (b — a) 2 


L 2 


, and R = 


- a f 


2-Kab (b — ti) 2 /2L 


Problem 7.41 


From Prob. 3.23, < 


(We don’t need the cosine terms, because V is clearly an odd function of <f>.) At s = a, V^ n = v; ut = v a $/ 2 x. 
Let's start with V [ n , and use Fourier's trick to determine 6^: 

00 t/ JL 00 f 7T 1/ /-IT 

a k bk$in(k<f>) — — aH* / sin{£0) sin(fc'0) d0 = — / 0sin(fc'0)d$. But 

2tt 

sin(&0) sin{fc'0) d0 — &nd 


0) 

— s k bk sin(fc<ft), 

k~l 

{s < o); 

(®i 0) 

oo 

= ^2 sin(A0), 

Jt = l 

(5 > a). 


/: 

/: 


0sin(&'^) d<f> = 


sin ( fc V) - ^ cos(fcV)] j = -~cos(A:V) = -^(-l) fc '- So 


= B hx (_1) *] ’ or 6fc = (“0 - and hence v ' nM) = (~)* sin (*0). 

L J \ / l 

y OO J (X ^ ^ | 

Similarly, 14 u t(^ 7 0) == — — ^ - f — J sin(&0). Both sums are of the form 5 = ^ -(—a:)* sin(&0) (with 

7T ^ K \ S / fZ 

k— 1 Jt=l 

x — sja iox r < a and x = a /5 for r > a). This series can be summed explicitly, using Euler’s formula 

CO 1 00 - 

(e %e — cos 6 + i sin#): S — Im — (—x) k e tk ^ = Im - (-xe tif> ) k * 

h k tc 

111 °° ^ l 

But ln(l + iu) = w - -w 2 + -w 3 — -w 4 - - ■ = — ^ ~(—w) k % so 5 — -Im [in (l + :re*^)] * 

4 U M- - ' K 


k=l 


Now In = In R + iff, so S — -0, where 


tan 0 — 


Im (1 + xe**) _ £ [{1 + ate**) - (l + ate"*)] at (e** - e~ **) 


xsin <p 


Re(l+xe‘^) i [(1 + xe*^) + (1 + xe _i *)] i (2 + x {e** + e - *^)] l+xcos0' 
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Conclusion: 



Fin{ 5 i 0) 

= — tan 1 | 

It 

( ssin0 ^ 

1 (s < a); 


\ a 4- s c os 0 / 1 

< 

Fout(S, 0) 

— — tan” 1 I 

It 

f a sin 0 ^ 

, {s > a). 


\s + a cos 0 / 


(b) From Eq. 2.36, a(<j>) 


= -to | 


dv m 


ds 


dV iB 

ds 


u- 


5K, 


ds 


Vo 

7T 


1 


(-a sin <j>) 


- -*( 


osin <t> 


QVin 

ds 


* < 

7T 


1 4 . / ° 

\ s+a cos 4> J 

a sin 0 

s 2 + 2ascos0 + 

1 [(a -F s cos 0) sin 0 — s sin 0 cos 0] 


(s4-acos0) 2 f 7T [(s + acos0) 2 + (osin0) 2 j 

*)■ 


- *( 


" , / ssin.fr \ 2 ] {(1 + SCOS0) 2 

a sin 0 \ 

s 2 + 2as cos 0 + a 2 J 


} = 


Vq f a sin 0 

it _ (a + s cos 0) 2 + (s sin 0} 2 


dV m 


ds 


dv c 


out 


ds 


V 0 ( sin 0 \ 


€qVq sin0 
ita (l+cos0) 


cqVq 

ita 


tan(0/2). 


Problem 7.42 

(a) Faraday's law says VxE--^ v soE = 0^ ^ = 0=> B(r) is independent of t. 

(b) Faraday's law in integral form (Eq. 7.18) says ^E(fl = -d$/dt. In the wire itself E — 0, so $ through 
the loop is constant. 

(c) Ampere- Maxwells VxB = //qJ + A*o c o^S so E = 0 t B = 0 =£ J = 0, and hence any current must be 
at the surface. 

(d) From Eq. 5.68, a rotating shell produces a uniform magnetic field (inside): B = |/io^ujas&, So to cancel 


3 Q 

such a field, we need aua = — . Now K = av = trtjasm00, so 

2 /xq 


K — sin 0 0. 

2/io 


Problem 7.43 

(a) To make the field parallel to the plane , we need image monopoles of the same sign (compare Figs. 2.13 


and 2,14), so the image dipole points down (-z). 
(b) From Prob. 6.3 (with r — > 2 z): 


F — 


3/io m 2 
27 r (2z) 4 


3/xq m 1 


2it (2ft) 


- = Mg => h = 


1 / 3^ 0 7n 2 y /4 

2 V2jt Mg) 
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B = 


(c) Using Eq. 5.87> and referring to the figure: 
Mo 1 


in 


v r i 


4tt (ri) 3 
3mg m 

47r{ri) 3 

3/io^ 


4?r(ri) 3 

3mo^ 

27r(ri} 3 

Zfiomh 


{[3(mz - rijfi - mz] + [3(-mz ■ r 2 ) f 2 + mz]} 

[{z * fi) fj - (z * r 2 ) r 2 ] . But z • fi - ~z * r 2 — cosfl, 
cos 0(r 1 + r 2 )* But f 1 + r 2 — 2sin0r. 


J 2 


r 1 


r 1 


h 

A 2 

/r' 1 + K 1 . 

ej 

— m, 



2 ix (r 2 + h 2 ) 5 ? 2 


Now B = mo(^ x z) 4 z x B ™ /io z x (K x z) “ /io [K - z(K * z)] = moK. (I used the BAC-CAB rule, 
and noted that K ■ z — 0, because the surface current is in the xy plane,} 


1 _ 3 m /i r _ _ 

K — — (z x B) — — - — ■ — (z x r) = - 

Mo 2?r (r 2 + ft 2 )®/ 2 v 


3mh 


2tt (r 2 + ft 2 ) 5 / 2 


0, qed 


Problem 7.44 

Say the angle between the dipole (mi ) and the z axis is 6 (see diagram) . 


The field of the image dipole (m 2 ) is 

B (*) = 


Mo 1 


[3(m 2 • z) z - m 2 ] 


4tt ( h + z) 3 

for points on the z axis (Eq. 5.87). The torque on mi is (Eq, 6.1) 

Mo 


N = mi x B = 


4tt(2A) 3 


[3(m 2 * z)(mi x z) — (mi x m 2 )j , 


Z, 

•,+ 

'mi 

~\ 

h 

r + 


But mi — m(sin#x + cos#z), m 2 — m(sintf x — cosflz), so m 2 * i — — mcosf?, mi x z = —msintfy, and 
mi x m 2 = 2m 2 sin 9 cos $y. 


N = 


- _ [3m 2 sin# cos 0y — 2m 2 sin#cos#y)l = sin# cos fly. 

3 l J J 'J 4 tt( 2 /i ) 3 


47r(2h) 


Evidently the torque is zero for 9 = 0, tt/ 2, or tt. But 0 and tt are clearly unstable, since the nearby 
ends of the dipoles (minus, in the figure) dominate, and they repel. The stable configuration is $ = tt/2: 


parallel to the surface (contrast Prob. 4.6). 


In this orientation, B(z) = — and the force on mi is (Eq, 6.3): 

F = V 


Horn? 

Sjhqwi 2 


3 flora 2 

4 7r(h + z) 3 

z =h — 4tt(/i + zj 4 Z 

z=h 

" 4tt(2 h)* 


■ z. 


At equilibrium this force upward balances the weight Mg: 

Zfiom 2 


4tt{2 h) 4 


— Mg ^ h — 


1 / 3/ipm 2 \ 1/4 

2 ^ 4jt Mg ) 
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Incidentally* this is (l/2)^ 4 = 0.84 times the height it would adopt in the orientation perpendicular to the 
plane (Prob. 7.43b), 

Problem 7*45 

f — v x B; v = ua sin 0 0; f = ujaBq sin 0(0 x z). £ — /f * dl, and d\ — a dB 9. 

So £ — ua 2 Bq /; /2 sin 0(0 X z) - 9d$. But B * (0 X z) = z * ($ x 0) = z - f = cos0, 

£ = wa 2 £?o f sin 0 cos0 d0 = [— — — ] ~ 

/o 2 


1 2n 

-<j<r£ 0 


(same as the rotating disk in Ex. 7.4). 


Problem 7.46 

(a) In the “square” orientation (□), it falls at terminal velocity 


^square 


mgR 

BH 2 


(Prob. 7.11), In the 


“diamond” orientation (O), the magnetic force upward is F — IBd (Prob. 5.40), 

The flux is $ = B [l 2 - (d/2) 2 ] , and d/2 = lf>J 2 - y, 
so $ = B[l 2 -(l/V2-y) 2 ], 

£ = - f = -2 B (t/V2 - y ) % But f t = -V. 

So S — 2 Bv {ifyft — y) = IR => I = (J/\/ 2 — y); F = 2 ■ (f/\/2 — — mg (at terminal velocity), 

{This works for negative y as well as positive* if you replace y by |y|.) 



^diamond — 


mgR 


4B 2 {l/V 2 - y) 


2 ' 


(mgR\ 4 B 2 (l/V2-yY 

{bw j " 


mgR 


(V2-2 iy/i) . 


At first (y ~ l/\/2) the “diamond” falls faster; 


Thus square = 

^diamond 

toward the halfway mark (y 0), the “square” falls twice as fast; then the diamond again takes over. The 
total time it takes for the square to fall is: 


l 


* square 


^square 


BH 3 
mgR 


(assuming it always goes at the terminal velocity, which — as we found in Prob. 7.11 — is close to the truth* if 
the field is strong). For the diamond, £ is 


-/- 
J «di 


dy 


^diamond 


8B 2 

mgR 




i/V 2 


8 B 2 1 I 3 


l/s /2 mgR3 2y/2 


2x/2 B 2 fi 
3 mgR 


So tsquare/^diamond = 3/2^2 = 1.06. The “square” falls faster , overall. If free to rotate, it would start out 
in the “diamond 11 orientation, switch to “square” for the middle portion, and then switch back to diamond, 
always trying to present the minimum chord at the field’s edge. 

(b) F — IBl\ # — 2 B Va 2 — x 2 dx (a = radius of circle), 

£ = -f = = 2Bv^r^ = IR. 

1= i/2 = So F = i^(o 2 - y 2 ) = mg. 

mgR 

^circle 


4 B 2 (a 2 -y 2 )' 

f- a dy 4B 2 f a , o 2 , , 4B 2 2 1 , v 

(circle = / = — p / (a “ 3/ )dy = ■ — ~B {a y - ) 

J+ a V mgR J_ a mgR 3 
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Problem 7.47 

(a) In magnetostatics 

V ■ B = 0, V x B = p 0 J => B(r) = £ - f J ^ r 'j ** dr'. 

47 T J 


For Faraday electric fields (with p = 0), therefore, 


_ _ _ _ 5B . 1 d f B(r',t) xi , , 

E = 0, V,S = - ¥ =• E(r,i) = -- S y j 3 dr 


(with the substitution J — > ) 

(b) From Prob. 5.50a, 

A(r 


•*>-£/ 


B(r', t) xi 


dr', soE = 


3A 

dt ‘ 


[Cftecft: V x E — - J^(V x A) = — and we recover Faraday’s law.] 

(c) The Coulomb field is zero inside and f — f — f outside. The Faraday field is 

where A is given (in the quasistatic approximation) by Eq. 5.67, with u a function of time. Letting u = du/dt , 




PoRua 2 

.. .. _ rsindffl 

y 

(r < B), 

E(r,0,0,t) = 

4 

uR? _ sin# 1 

2 r + * 2 ^ 

t e 0 r * l 3 H 

(r > R). 


Problem 7.48 

dB dv dB 

qBR — mv (Eq. 5.3). If R is to stay fixed, then qR— — m— — ma = F = qE , or E — R— . But 

dt dt dt 

/ d® d$ 1 d$ dB 1/1 \ 

E*dl = — — , so E2tvR ~ — — , so — r— = “ 7 " — R-r-y or B — — - + constant. If at time t - 0 

dt dt 2 irR dt dt ’ 2 \ttR 2 J 


the field is off, then the constant is zero, and B (R) = ^ ma S n i ta< ie}. Evidently the field at R 

must be half the average field over the cross-section of the orbit, qed 

Problem 7.49 

Initially, — 4 ^^ => T = \mv 2 = After the magnetic field is on, the electron circles in a 

new orbit, of radius r\ and velocity v\: 

mvl \qQ 1 2 1 1 qQ 1 

— = 4 ^? + ' ,U ' ' = 2"” 1 “ 24 ^- + 2 mriB - 


But T\ = r + dr, so (ri ) _1 = r ™ 1 (l + 7 -) 1 ~ r 1 (l — ), while vj = v + dv t B = dB. To first order, then, 


Ti = i — ^ (l - — ) + ^(wrJdB, and hence <TT = T X - T dB - l-±-&dr. 

1 2 47 re 0 r \ rj 2 yv ' ’ 2 2 4ne 0 r 2 

Now, the induced electric field is E = (Ex. 7.7), so mjg = qE — ^ ~ , or m dv = ^ dB . The increase in 
kinetic energy is therefore dT = d(\mv 2 ) = mvdv = ^dB. Comparing the two expressions, I conclude that 
dr — 0 . qed 
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Problem 7*50 

d# o 

S — — t- — —a, So the current in R\ and R 2 is / = - — - - 
dt Rt+R 2 


the voltage across Rj (which voltmeter #1 measures) is Vi = IR\ — 

(Vt is lower). 


; by Lenz's law, it flows counterclockwise. Now 
{Vi is the higher potential), 


aR\ 


Ri 4 - R 2 


and V 2 — — JR% — 


-aR 2 


Ri 4 - R 2 


Problem 7.51 

„ ™ r dl „ „„ dv d 2 v hBdl 

£=vBH=-L-; F = IhB = m -; ^ ^ 


hB 


(?)•■ 


d^ 

dt 2 


— —D Vj 


with 


U) — 


hB 

VrnL 


Problem 7,52 

A point on the upper loop: r 2 — (a cos 0 s, a sin 02, z); a point on the lower loop: ri = (6 cos 0 j , b sin 0 i , 0 ). 
= (r a — ri) 2 — (a cos 02 - bcos0i) 2 + (a sin 02 — &sin0i) 2 4- z 2 

= a 2 cos 2 02 — 2a& cos 02 cos 0i 4 - ft 2 cos 2 0i 4- a 2 sin 2 02 — 2a& sin 0i sin 02 4- b 2 sin 2 0i 4- z 2 
— a 2 + b 2 4- z 1 — 2a6(cos 02 cos 0i + sin 02 sin 0i) = a 2 + b 2 4- z 2 — 2ab cos(02 — 0i ) 

= (a 2 + h 2 + 2 2 )[l - 2 / 3 cos( 0 2 - 0 i }] = ^[l - 2/3 cos (02 - 0 j)]. 


dlt = 6d0i 0! = 6d0i[— sin 0i x + cos 0i y]; dla = a d(j> 2 0 2 “ a d<j> 2 [— sin 02 x + cos 02 y], so 
dli * dl2 — ab d(j)\ d0 2 [sin 0i sin <p 2 + cos 0i cos 02] = ab cos(02 — 0i ) d0i d02 . 



dl\ * dl2 
* 


Mo ab f f cos (02 - 0 i ) . , , , 

4tt JJ ^/1-2/co8(02-0i) 02 1 ' 


Both integrals run from 0 to 2tt. Do the 02 integral first, letting u = 02 - 0 i: 


ifn 

I 

-01 


2it 


COSti 


^/1 - 2 / 3 cost* 




= / 5 


cosu 


2/? cos w 


da 


(since the integral runs over a complete cycle of cos u , we may as well change the limits to 0 -> 2 tt) . Then the 
0i integral is just 2?r, and 



cosu 

yjl - 2ft cos u 



cost* 

^1 — 2j3 cosu 


du. 


(a) If a is small, then (1 1, so (using the binomial theorem) 


yr 


1 f 2t costi f 2 * f 2 * 

— = = = 1 + /3 cos u, and / du = / cos u du + /i / 

— 2/3 cos u y 0 yi -2^ cosu y 0 ^ y 0 


and hence M = {^io 7 r / 2 )Vttt/ 3 ®- Moreover, /3 = ah/ (h 2 + z 2 ), so M = 


Mo 


2 h 2 


2{6 2 + s 2 ) 3 / 2 


cos 2 udu = 0 + /3rr, 
(same as in Prob. 7 . 20 ). 
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(b) More generally, 

(l +e) -^ = l-Ie + ^-A e 3 + ... 


1 3 , 5 

!, =f= = — 1 + /? cos u + ~0 Z cos 2 u + - /J 3 cos 3 u + 

yl — 2/?cosu 2 2 


so 


M = 


nQ ( 3 r 27r ^ 

— — x/abj3 < / cos u du + 0 / cos 2 u du + -/? 2 / cos 3 u du + -/3 3 / i 

^ l jo J o ^ Jo 2 y 0 


cos 4 u du 4- 


} 




O + J 0(7T) + ^ 2 (O) + ^ { 3 7r) + 


+ O p + ...y 


qed 


Problem 7*53 

Let $ be the flux of B through a single loop of either coil, so that — N\ <& and $2 = N 2 $. Then 


6 — 


d* S, N 2 

£ 2 = -JV 2 _, so _ = qe d 


Problem 7.54 

^a) Suppose current h flows in coil 1, and I 2 in coil 2 + Then (if $ is the flux through one turn): 

$1 = I l L 1 + MI 2 = N 1 $- l $ 2 = I 2 L 2 + Mh=N 2 $, or $ = + I 2 ~ = h^r + h 

IV l iV 1 JV 2 iV2 

In case /i - 0, we have ^ if I 2 - 0, we have = jfa. Dividing: ^ or Lil 2 = M 2 . qed 

(b) ^ = £1 & + ^ co aM): -£ 2 = ^ qed 

(c) Multiply the first equation by L 2 \ LiL 2 ^R + L 2 ^-M = L 2 V\ cos ujt. Plug in L 2 ^ - ~I 2 R - M^R. 


M 2 ^ - MRh - = L 2 Vi cos ut => 


tii 


^ = - W coswi - 


T; ^ + M (if^^ sinud) — Vi coscjL 


d h , L ^ - A _ r M Vi (1 . 

-7T — T” CQSUd- — WSinod I /iff) — — — Si 

at L i \ /t / Li 


L 2 

smu;f + — cosud 


)• 


(d) 


^out 


hR 


^^COS UtR L>2 


MR 


Vi cos ud Vi cos ud 


N 2 n 2 

— ~ — — . The ratio of the amplitudes is — . oed 
M Nx ^ Ni 


(e) P[ n = V\tih — (Vicosudjf — ) (— sinud + ^ cos ut) = ( — sin cut cos tot + — cos 2 u t] * 

L i \cj R J L\ \u R J 

Pout = Vouth — (h) 2 R — cos 2 u>t * Average of cos 2 cji is 1/2; average of smuJtcGSujt is zero. 

So (P in ) = ^(Vi) 2 (™) ; (Pout) = ^(K) 2 \ {h2)2 


M 2 R 


= 


(L 2 ) 


L 1 L 2 R 


(^in) — (Pout) “ 


(Vi) 2 L 2 

2LiR 


Problem 7.55 

(a) The continuity equation says ^ — — V* J. Here the right side is independent of t , so we can integrate: 
p(t) — (— V* J)£+ constant. The “constant” may be a function of r — it’s only constant with respect to t. So, 
putting in the r dependence explicitly, and noting that V-J — — ,p(r, 0), p(r y t) — p(r,Q)t + p(r,0). qed 
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(b) Suppose E = 5 ^ dr and B = ^ dr. We want to show that V-B = 0, V xB = Mo J +Mo£o ^ ; 
V-E = ^p, and VxE--®, provided that J is independent of t. 

We know from Ch. 2 that Coulomb’s law (e = ~ f 0 dr') satisfies V-E = and V x E = 0, Since B is 

constant {in time), the V-E and VxE equations are satisfied. From Chapter 5 (specifically, Eqs. 5.45-5.48) we 
know that the Biot-Savart law satisfies V-B - 0. It remains only to check VxB. The argument in Sect. 5.3.2 
carries through until the equation following Eq. 5.52, where I invoked V' • J = 0. In its place we now put 
V' ■ J - -p: 


'xB = p 0 J- ^ J (J-V)~ dr (Eqs. 5.49-5.51) 


(-JtpV')i < Et h 5 ' 52 ) 


Integration by parts yields two terms, one of which becomes a surface integral, and goes to zero. The other is 
*V'-J= A(-p). So: 


v* n- 

VxB 


~ ^ " S /£' { ^ )dT = M + { 4^ 1 9 rfr } = + ^ o£ °W- qed 


Problem 7.56 

(a) dE z = ~ { ~ X)dz s\n8 
47reo 

sin 9 = — ; * = sfz? + s 2 


Ei = A_ / 

r zdz A 

-1 ' 

vt 

vt 

47re 0 J 

( z 2 + s 2 ) 3 / 2 4x^0 

,\/z 2 + S 2 _ 

E z = A J 

f i i 1 

\ ■ 

4ttc 0 1 

[ \/(^£ — c) 2 + s 2 (vt) 2 + s 2 J 



(b) 




=^r! 

o Jo 


4^0 Jq | yj [vt — e) 2 + s 2 y/ivi) 


=== | 2t rs ds = ™ [y{vt- e) 2 + s 2 - yfivt)* + s 2 


2eo 


[\/ (vt — t) 2 -h a 2 — a /(^) 2 + — ttf ) + (u£)J . 


(C) I d - 60 


dt 


A J - e) 

2 | y' (vt - t) 2 + a 2 1 / (vt) 2 + a 2 


w(ttf) 


+ 


As € -4 0, vt < € also — ¥ 0, so I ^ -4 — At? = /♦ With an infinitesimal gap we attribute the magnetic field 

to displacement current, instead of real current, but we get the same answer, qed 
Problem 7.57 

f v 1 3 / d(zf)\ d 2 (zf) 2 : d { df\ d ( df\ df , 

(a) V 1/ = -- [s-^r) + = - Ts [sf $ j =0=>- (s -£ J = 0 => * Ta = * (a constant) =» 

tis 

A— = df / = ^ln(5/s 0 ) (5o another constant). But (ii) ^ f(b) — 0, so ln(6/s 0 ) = 0, so s 0 = b y and 
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l/(s,z) = A^lnfs/f?). But (i) => Az\n{ajb) — — ( Ipz)/{7:a 2 ), so A = 


Ip 1 


na 2 ln(d/b) r 


v(m) = - 


I pz In {sjh) 
7ra 2 In (a/6)' 


dV . dV . Ipz 1 . Ip 1 11 ( 5 / 6 ) . 

(b) E = - W - ~~s- = ■ s + ~ ■ z - 

os oz ttcl 1 sln(a/6) 7r a 1 ln(a/6) 


ip 


7m 2 In(o/6) 


(X'-GH- 


(c) a(z) = e 0 [£ s (a + ) - E s (a )] = e 0 


Ip fl 

„n 


tglpZ 

7T a 2 \n(a/b) \c 

J °J 


iva 3 \n(a/b) 


Problem 7,58 


.ZjZ 


— >1 


lr. 


< z 

(a) Parallel-plate capacitor: E — V — Eh = — — h C — — — => 

eo e 0 wl V h 


C = 


€qW 


(b) B = p 0 K = pt 0 — ; $ = BW = = £/=»£ = 

u? a; 


£ = 


p Q h 


w 


1,112 x lO^V/ra^ 


(c) C£ i= ^ 0 e 0 = (4tt x 10™ 7 )(8.S5 x 10“ 12 } - 
(Propagation speed l/\f£C — I/^/mo^o = 2.999 x 10 s m/s — c.) 

(d) D — F = D/t — cj/e, so just replace £q by e; 1 

p. J 


# — A", B = — pK, so just replace po by p. 


CC — tp; v — Ij^/ep. 


Problem 7,59 

(a) J - a(E + v x B); J finite, 0 - 00 E + (v x B) = 0 + Take the curl: VxE + Vx(vxB)=fl 1 But 

5B dB 

Faraday's law says VxE — So = Vx(v x B), qed 

dt at 

(b) V«B = 0 § B * da = 0 for any closed surface. Apply this at time ( t + d£) to the surface consisting of 

S , and 1Z: 

f B(t + dt) * da + j B(£ + dt) ■ da — [ B(£ + dt) ■ da = 0 
Js* Jn Js 

(the sign change in the third term comes from switching outward da to inward da), 

d4> = J B(£ + dt) - da “ J B(t) * da = J | B(£ + dt) - B(t)j * da - j B(t + dt) * da 

^™dt (for infinitesimal d£) 

d<3> = jy* ^ • da| dt - J B(t + dt) - [(dl x v) dt] (Figure 7 J3), 

Since the second term is already first order in dt, we can replace B{£ + dt) by B(t) (the distinction would be 
second order): 

d$ = dt * da - dt B - (dl x v) = dt j - da-| Vx(vxB)* da j , 

(v X B) • dl 
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Problem 7.60 

(a) 

V -E' = 

V B' = 

V x E' = 

V x B' = 

(b) 

F' 


dt 


LI 


f -VX(VX B ) 


■ da — 0. 


qed 


(V * E) cos a -b c(V ■ B) sin a — -~p e cos a + cpop m sin a 

€ 0 

— (p e cosa + c^oeop m sina) = — (p € cosa + -p m sina) = —/>'/ 

-^0 ^0 ^ 

{V ■ B) cos a (V * E) sin a = pop m cosa — - — ~p £ sin a 

c ce 0 

poipmCOsa - — pc sin a) = p 0 {p m cosa - cp e sin a) = pop' m . / 

CpQtQ 

(V x E) cos a + c(V x B) sin a = cos a + c ^p 0 J e + sin a 

- Po(Jm cos a — cJ e sina) - ~ ^Bcosa- ^Esina^ = -poJ' m 


dw 

dt 


/ 


(V x B) cos a - ^{V x E)sina = ^J e + cos a - ^ sina 

1 8 9E' 

Po(J e cos a + -J m sina) + po^ojr (B cos a 4- cBsina) = + fioeo^— - / 


g'(E'+vxB')+^(B^ivxE') 

cos a H- ^ 7m sin (E cos a + cB sin a) + v x ^B cos a - - E sin 

4- (7m cos a - cq e sin a) ^B cos a - sina^ - x (E cos a + cB sin a) 

q e [(E cos 2 a + cB sina cos a - cB sin a cos af E sin 2 a) 

+v x f B cos 2 a — ^E sin a cos a 4- ~E sin a cos a + B sin 2 a] 

\ c c Ji 

( -E sin a cos a 4- B sin 2 a 4- B cos 2 a - - E sin a cos a) 
l \c c ) 

+v x ^-Bsinacosa - -^Esin 2 a - ^Ecos 2 a - sin a cos J 
q e (E 4- v x B) 4- q m - ™v xe| = F. qed 


